Under some suitable conditions, we prove the solvability of a large class of nonlinear fractional integro-differential equations by establishing some fractional integral inequalities and using the nonlinear alternative LeraySchauder type. The uniqueness of solutions is also proved in some situations.
Introduction
Fractional differential equations have many applications in various fields of engineering and science, for example vibration, viscoelasticity, control and electromagnetic theory. Many recent works are devoted to physical applications of fractional calculus and fractional differential equations. For example, the book by Tarasov [36] concerns the applications of the fractional calculus to dynamics of fields and media and contains some modern applications of the fractional calculus to complex physical systems. In the book by Mainardi [24] , one can find applications of the fractional calculus in dynamics of viscoelasticity. For applications of the fractional calculus in c 2012 Diogenes Co., Sofia pp. 44-69 , DOI: 10.2478/s13540-012-0005-4 physical systems' description and control, one can see [12, 13] by Das. The book by Klafter et al. [19] covers the latest developments in the field of fractional dynamics. Besides the mentioned books, there are several papers about the applications of the fractional calculus in signal processing, complex dynamics in biological tissues, viscoelastic materials, thermal systems and heat conduction (for example, see [25] - [27] , [34] and [37] ). In recent years, many works on fractional differential and integral equations are dealing with the existence and uniqueness of solutions. We will mention some of they. In [5] - [7] , Balachandran et al. proved the existence of solutions of integro-differential equations in Banach spaces. Also, we can find existence results for boundary value problems of fractional differential equations in the survey by Agarwal et al. [2] and in the papers [1] , [10] , [14] , and [32] . In [11] , Clément et al. proved the existence of Hölder continuous solutions for a partial fractional differential equation and in [18] , Kilbas et al. studied the existence of solutions of several classes of ordinary fractional differential equations. Also, Samko et al. [35] , Anguraj et al. [4] , Baleanu and Mustafa [9] , Diethelm and Ford [15] , Kilbas and Marzan [17] , Kosmatov [21] , Tian and Bai [39] , Wei et al. [40] , Aghajani et al. [3] , Pilipović and Stojanović [30] , Yuste and Acedo [41] , Idczak and Kamocki [16] , and Kostić [22] , between so many more, have investigated the existence of solutions for various types of fractional differential and integral equations. Furthermore, several analytical and numerical methods have been proposed for approximate solutions of fractional differential equations, e.g. [8, 20, 23, 29, 31, 33, 38] .
In the present paper, we consider the problem of the existence of solutions for the fractional integro-differential equation 
where
Our main tool is the fixed point theorem for nonself mappings. First using a suitable substitution, we construct an equivalent fractional integral equation. Then using a fractional inequality and a version of the nonlinear alternative of Leray-Schauder [42] , the existence result will be proved. Moreover, under an additional condition, the uniqueness of solutions will be established by using the Banach contraction principle. Several properties of the fractional derivatives and integrals will be used which can be found in [18] .
The rest of the paper is organized as follows. In Section 2, we recall several results concerning the Riemann-Liouville fractional integral and derivative, a generalization of the Gronwall-Bellman inequality and a version of the nonlinear alternative of Leray-Schauder. In Section 3, we give some results regarding the continuity of the Caputo fractional derivative and fractional inequalities. Finally, in Section 4, we establish the existence and uniqueness of solutions for Eq. (1.1) and to illustrate the application of the obtained results, some examples are given.
Preliminaries
In this section, we present some preliminaries which will be needed in this paper (for more details see [18] ). Let [a, b] ⊂ R be a finite interval. Also assume that α, β, γ ∈ C and R(z) = Real(z) for z ∈ C. The RiemannLiouville fractional integral and derivative of order α ∈ C are defined by
respectively, where
The Caputo fractional derivative of order α on [a, b] is defined by
Denote by C n [a, b] the space of functions f which are n times continuously differentiable on [a, b] with the norm |f (x)|. 
Using Property 2.1 in [18] , we infer that the Riemann-Liouville fractional integration operator I α a+ of the power function (t − a) β−1 is a power function of the same form when R(α) ≥ 0 and β ∈ C with R(β) > 0. Also using Property 2.16 in [18] , when R(α), R(β) > 0, n be given by 8) and when R(β) > n, we can find that the Caputo fractional differentiation operator C D α a+ of the power function (t − a) β−1 has the same form. In the next property we recall this facts.
Proposition 2.1. Let R(α) > 0 and n be given by (2.8) . Also let R(β) > 0, then (2.10) and
The following lemma ( [18] , Lemma 2.8 (a)) is concerning with boundedness of the fractional integration operator I α a+ from the space
The semigroup property of the fractional integration operator I α a+ and the composition relation between the fractional integration operator I α a+ and the fractional differentiation operator D β a+ are given by the following lemma (see [18] , Lemma 2.9). 
the following equality holds:
The following assertion ( [18] , Lemma 2.21 (a)) yields that the Caputo fractional differentiation operator C D α a+ is the left inverse of the RiemannLiouville fractional integration operator I α a+ when R(α) ∈ N 0 or α ∈ N.
In the following, we recall a generalization of the Gronwall-Bellman inequality proved by Bellman [28] . 
implies that
To prove the existence of solutions for Eq. (1.1) we need the following fixed point theorem [42] (nonlinear alternative of Leray-Schauder type). 
Auxiliary results
In this section, we prove some auxiliary results which will be needed in the next section. The first result is concerning with the composition of the Caputo fractional differentiation operator C D β a+ with the fractional integration operator I α a+ .
Using Lemma 2.3, part (c) we obtain
.., n − 1 and thus
Therefore, by (3.2), Lemma 2.3, parts (a) and (c) and the assumption α > β we have
Applying the operator I α a+ to both sides of (3.3) and using (2.5), Lemma 2.3, part (a) and (c), we have
Since y ∈ C[a, b], we obtain
From (3.7) and Lemma 2.3, part (c) we have 
Hence from Property 2.1
Since β < m − 1 from Lemma 3.1, part (a 1 ) we get
From Lemma 2.2 with γ = 0 one can obtains (
Using Lemma 2.3, part (a), Property 2.1 and Eq. (3.9) we obtain
.., m − 1, similar to the proof of (3.2) we can show that
By (2.6) and (2.2) 
From (3.11) and (3.12) we get
Hence by (3.14) and (3.15)
Now using (3.16) and Lemma 2.3, part (c) we have In the following result we show that Eq. (1.1) is equivalent to a fractional integral equation. 
where u ∈ C[a, b] satisfies the integral equation
when n < m and 
and from the continuity of (
Similar to the proofs of (3.6) and (3.15), we can show that Y 
and similar to (3.23) we obtain
From (3.23) and Lemma 3.1, part (a 1 ) we have
g(t, s, y(s))ds (x).(3.25)
By Property 2.1, (3.24) and (3.25) we get
if n < m and 
g(t, s, y(s))ds (x). (3.29)
By Property 2.1, the continuity of 
g(t, s, y(s))ds (x).
In the same way of (3.2), we can show that In the next lemma, we prove a Gronwall type inequality for fractional integrals. 
Then we have By an iterative method, the inequality (3.30) implies 32) for any n 0 ∈ N. Since A(x) is nondecreasing, we get
Now if we choose n 0 such that (n 0 + 1) min{α, β} > 1, then kα + (n 0 + 1 − k)β > 1 for k = 0, 1, ..., n 0 + 1. Hence
From (3.32)-(3.34) we obtain
and finally by using Theorem 2.1 we get the inequality (3.
31). 2
Here we recall the definition of signum function. For 
Also consider the following equations:
when n < m and
37) when m = n where λ ∈ (0, 1), m − 1 < α < m, n − 1 < β < n (m, n ∈ N) and β < α. Then we have the following theorem. 
when α − β ≥ 1 and
P r o o f. Let n < m and u satisfy (3.36). Then using (h 1 ), (h 2 ), Property 2.1 and Lemma 2.3, par (a) we find
,
Obviously A 0 (x) is nondecreasing and since
is positive. Similarly we have the following inequality when m = n
. Therefore, we obtain the following inequality for n ≤ m
where A(x) is defined by (3.40) .
and finally by Theorem 2.1 we get
For 0 < α − β < 1, Lemma 3.2 implies the inequality (3.39).
Main results
In this section we prove the existence and uniqueness of solutions for Eq. (1.1). First we need the following assumptions: 
Remark 4.1. If (h 3 ) and (h 4 ) hold, then 
Also let 6) when α − β ≥ 1 and
when 0 < α − β < 1 where A(x) is defined by (3.40) with 
Thus T is continuous on B r . Assume that 
Therefore, the set E = {T u : u ∈ B r } is equicontinuous. 
then we can prove the existence and uniqueness of solutions for Eq. (1.1) by using Banach contraction principal. Thus T is a contraction operator. The Banach contraction principal implies the existence of a unique solution for the integral equation (3.19) in the space C [a, b] . In the same way we can show that the integral equation 
